Previously the five dimensional S 1 -rotating black rings have been superposed in a concentric way by some solitonic methods, and regular systems of two S 1 -rotating black rings were constructed by the authors and then Evslin and Krishnan (we called these solutions "black di-rings"). In this place we show some characteristics of the solutions of five dimensional black di-rings, especially in thermodynamic equilibrium. After the summary of the di-ring expressions and their physical quantities, first we comment on the equivalence of the two different solution sets of the black dirings. Then the existence of thermodynamic black di-rings is shown, in which both isothermality and isorotation between the inner black ring and the outer black ring are realized. We also give detailed analysis of peculiar properties of the thermodynamic black di-ring including discussion about a certain kind of thermodynamic stability (instability) of the system.
I. INTRODUCTION
Since the two epoch-making discoveries of Myers-Perry black holes [1] and S 1 -rotating black rings by Emparan and Reall [2] , several nontrivial black hole systems have been obtained and used to clarify peculiarities of the higher dimensional gravity. Especially in five dimensions, solitonic solution-generation methods invented in the legendary era from the 1970s to the 1980s have been proved to be greatly powerful and applied to systematic reconstruction of known solutions including the Myers-Perry black holes [3] and the S 1 -rotating black rings [4, 5] , and also to construction of new solutions-the S 2 -rotating black rings [6] [7] [8] and doubly rotating black rings [9] , for example. As a further trial, hunting new solutions has been ambitiously attempted to obtain novel black holes that have never been expected in four dimensions, like black hole systems with multihorizons [10] [11] [12] [13] [14] or a topologically nontrivial horizon [15, 16] .
One of the main reasons to collect various types of higher dimensional black holes is to accomplish the phase structure of higher dimensional black objects and classify the properties into the universal ones independent of the dimensional number of spacetimes and the peculiar ones depending on the dimensional number. To perform the systematic analyses the information deduced from the solutions (if possible all solutions) corresponding to each phase is necessary, so that finding new solutions is required. So far for the cases of six and higher dimensional asymptotically Minkowski spacetimes, the analyses have mainly depended on the metric form of Myers-Perry black holes and the perturbed metric about the solutions [17] [18] [19] , or the approximate black ring solutions based on the matching between the metrics of a thin ring and a black string [20] . As a promising recent advance, numeric methods have also been introduced to decide the stability of black objects, though limited to topologically spherical black holes [21] .
Up to the present the solitonic methods have not yet been available to higher than five dimensions with globally asymptotic Minkowski because of the mathematical structure of the methods. So if we proceed over the case of a single horizon and extensively study the phase structure of multihorizon systems, the five dimensional solutions that can be systematically obtained are useful though the five dimensions are rather marginal dimensionality in comparison with six and higher dimensions. Actually as pioneering works to argue the phase of multihorizon systems [22] , the black Saturns have been already investigated and were shown to have thermodynamic equilibrium states, and furthermore, some clues to clarify the phase structures of higher dimensional cases were extracted (see also [23] ). On the other hand, so far there is not any analysis of multihorizon systems using the black di-rings.
Mainly we may think the following two reasons for this fact. First, the authors of the works mentioned above suggested nonexistence of thermodynamic equilibrium plausibly [22] . Second, the expressions of black di-rings are considerably intricate. In this paper we therefore
show some properties of a black di-ring, particularly that of the di-ring in thermodynamic equilibrium (hereafter called "thermodynamic black di-ring").
Black di-rings are concentric configurations composed of two independently S 1 -rotating black rings. The authors first discovered the regular di-rings by using the solitonic method similar to the Bäcklund transformation (this is called "di-ring I" hereafter) [11] . Successively, Evslin and Krishnan constructed another di-ring solution set (called "di-ring II") [12] . They used the inverse scattering method that was modified by Pomeransky to treat the higher dimensional case (hereafter abbreviated to PISM) [3] . However, because of the complexity of their expressions, the attempt to confirm the equivalence of these two di-ring solution sets and further investigation of the physics of the di-ring systems still remain to be done.
So we precede the study with giving a confirmation of equivalence between the two solution sets mentioned above.
For the systems of the black di-rings concerned here, we consider five dimensional spacetimes with three commuting Killing vector fields: a timelike Killing vector field and two axial-Killing vector fields. We assume further that one of the axial-Killing vector fields is orthogonal to the other. So the line elements adopted here can be reduced to
where the metric coefficients are the functions of (ρ, z) and det G = −ρ 2 is imposed. It should be noticed that owing to the assumptions any type of angular momentum corresponding to φ rotation, Arnowitt-Deser-Misner (ADM) angular momentum and Komar angular momentum corresponding to each ring vanishes. That is, only the cases with a single rotation are considered. At the present even the study of the cases with a single rotation is far from completed, so that some clues may be derived through the analysis given this place.
The rest of this paper is as follows. In Sec. II we show the complete equivalence of these different solution sets of di-rings, after the representations and the physical quantities of both the black di-ring I and II are presented. The confirmation is done with the aid of the facts established by Hollands and Yazadjiev [24] , which concern the uniqueness of higher dimensional black holes. This equivalence ensures that one can use a more convenient representation between the black di-ring I and II. In Sec. III we first describe the conditions for a regular black di-ring to become a thermodynamic black di-ring. The conditions for the thermality together with the regularity conditions for elimination of conical singularities are solved in substance and reduced to a remarkably simple form to perform the analysis. Using the reduced constraints we also obtain the simply reduced physical variables of the thermodynamic black di-rings as described in Appendix C. In the rest of the section, using these quantities the existence of thermodynamic black di-rings and some interesting properties of the systems are shown. Section IV is devoted to the analysis of whether thermodynamic stabilities (local stabilities) are realized or not in the system of the thermodynamic di-ring.
In Sec. V concluding remarks are given.
II. REPRESENTATIONS OF BLACK DI-RINGS
We consider briefly where the difference between the black di-ring I and II comes from and how to verify the equivalence of the two di-rings, and also give the necessary quantities for the study. The solutions of the black di-rings (i.e., di-ring I and II) have been constructed by rather different solitonic solution-generation techniques, respectively, so that the expressions of the solutions are considerably different. Furthermore, the solitonic methods generally cause redundant complexity on the derived solutions. It therefore becomes a nontrivial (rather formidable) task to determine whether the two di-ring systems are equivalent or not with straightforward algebraic calculation. Hence we must use some powerful mathematical facts to do it, as mentioned later. Here we show that there is an onto and one-to-one mapping between them and give just a rough sketch of the procedure to verify it. A fully detailed explanation will be given elsewhere.
It is helpful to view the both di-ring systems from the same standpoint. So it is noteworthy that the solutions of di-ring I can be also generated by PISM from appropriate seeds as the di-ring II. This fact can be verified mainly using the following two facts: (1) as verified in
Ref. [25] any two-soliton solution generated by the method of Bäcklund transformation that was first adopted in Ref. [6] generally corresponds to a two-soliton solution obtained by the original inverse scattering method that was established by Belinski and Zakharov [26, 27] ;
(2) in the single-rotational case we can easily transform the procedure of the original inverse scattering method into that of PISM. This means that both the di-ring systems can be viewed from the standpoint of the PISM.
The new solutions are generated by adding the appropriate solitons to the seed solutions, following the procedure of PISM: (i) removing solitons with trivial Belinski-Zakharov (BZ) parameters, (ii) scaling appropriately the metric obtained in process (i), (iii) constructing a generating matrix and recovering the same solitons as in step (i), but with nontrivial BZ parameters, (iv) scaling back for process (ii), and (v) filling "flaws" which remain on the axes using the arbitrariness of BZ parameters. The seeds to be used to generate black di-ring I and II are depicted as rod structures [28] in Fig 
For both the di-rings, in the above step (i) two solitons with trivial BZ parameters are removed at the positions a 1 and a 4 ; then in step (iii) the same solitons with nontrivial BZ parameters are put back at the same positions. Here (b
R ) are assigned to BZ parameters of di-ring I and II, respectively, whose subscript L (R) means that the quantity is associated with the soliton at a 1 (a 4 ). The BZ parameters are fixed through process (v) as follows [37] ,
where the symbols a ij are defined as a i − a j . As consequences of these processes, we obtain the regular di-ring systems except conical singularities. The sets of moduli parameters Once the metric functions of the di-rings are written down, physical quantities can be computed from the metric in principle. The physical quantities for the black di-ring I and II are collected in Appendixes A and B, while the full expressions of the metric functions will be given elsewhere. From the expressions in the appendixes, we notice that the physical quantities of the di-ring I and II can be easily written down with only the moduli set 
where Eqs. (4) and (5) are used to describe the BZ parameters with moduli parameters.
We shall give a brief explanation to conclude the equivalence of the di-ring I and II. A key mathematical fact to establish the equivalence of the di-ring systems is in the work by Hollands and Yazadjiev, who have discussed the uniqueness of five dimensional stationary black holes with asymptotic flatness and axial U(1) 2 symmetry [24] (see also [29] and [30] ).
Originally they have considered the systems of a single black hole, but their proof can be applied to the systems of multiple black holes so that their theorem is still valid with some modification [31] . From the mathematical fact deduced from their works, we can infer that two different systems of black di-ring become isometric when all the lengths of rods and the Komar angular momenta coincide with each other. The Komar angular momenta can be replaced with two other independent physical quantities, but some auxiliary conditions are usually needed to resolve the discrete degeneracy remaining (see the example below). In the case of the di-rings, using the lengths of rods in place of the interval structures is enough for the mathematical fact to be valid, because the rod vectors are trivial. Furthermore, it should be noticed that the procedure of the proof seems to be independent of the existence of conical singularities on the axes. So the above statement is generalized to the case with conical singularities. Thus we can conclude that two di-rings are isometrically equivalent if the following equality of the ADM masses and the periodic angles are satisfied with some auxiliary condition:
Here the choice of the appropriate signs of b
R plays a role in the auxiliary condition.
As a final step, we shall give a mathematical relationship between the sets of black di-ring I and II. When the condition (12) is satisfied, the remaining condition (13) can be considered as the simultaneous equations to provide a mapping function between (u, v) space and (p, q)
At this point, if we notice from the expressions (7) and (11) that the ADM mass and regular periodic angle of the di-ring II have remarkably simple forms with respect to p and q, Eq. (14) can be solved analytically and give an explicit mapping function [i.e.,
Examining the mapping function, we can confirm that the correspondence between (u, v) space and (p, q) space is onto and one-to-one, if infinities are included in these parameter spaces. Thus we can say that the systems of black di-ring I and II are completely equivalent. In Fig. 2 the correspondence between (u, v) space and (p, q) space is schematically shown. After the equivalence is established, we can choose a more convenient representation among di-ring I and di-ring II to investigate the physics of the di-ring according to the problem we face. For example, the representation of di-ring I is more suitable for the analysis of the case that the angular velocity of ψ rotation of the inner ring is zero, while di-ring II is more suitable for the case that the Komar angular momentum of ψ rotation of the inner ring is zero.
FIG. 2:
Correspondence between the space of (u, v) for di-ring I and the space of (p, q) for di-ring II. Each horizontal line with a number from (1) to (7) is mapped into the curve with the same number.
III. THERMODYNAMIC BLACK DI-RING
The existence of regular black di-rings has been already confirmed in Refs. [11] and
Ref. [12] . Here we show the existence of thermodynamic black di-rings (i.e., systems of regular black di-ring in thermodynamic equilibrium) and their peculiar properties [38] . The physical quantities used here are normalized with the ADM mass M to compare the physical quantities of black objects following [10] . The normalized quantities corresponding to ADM angular momentum, area of horizon, temperature of horizon, and angular velocity of horizon are given as follows:
To ensure that a system of regular black di-ring becomes a thermodynamic equilibrium state, the temperatures (τ L , τ R ) and angular velocities (ω L , ω R ) of the outer (L) and inner (R) black rings of the system must satisfy the following condition,
It should be noticed that compared with the case of black Saturn, to construct a thermodynamic black di-ring with two black rings is not so trivial as pointed out in [22] . Actually black rings with the same temperature and angular velocity have the same shape and size [32] , so that we must arrange two identical rings into a thermodynamic di-ring keeping the thermality above mentioned and also the balance between gravitational attraction and centrifugal forces. That is, it seems rather natural that thermodynamic di-rings do not appear in the phase space. If there remains any possibility of thermodynamic di-rings, some nonlinearity may play a key role.
First we show the existence of thermodynamic equilibrium of a regular black di-ring by solving the above constraints together with the following balance conditions (geometrically to eliminate conical singularities on the axes),
For convenience, we introduce other moduli parameters composed of the rods
as follows:
Fortunately the conditions (16) and (17) can be nearly solved in an analytic way, though rather lengthy calculation is needed. In fact the four equations in (16) and (17) 
(for I and II) (20) and also
or
The procedure to determine the moduli parameters using these equations is the following:
(i) one of the parameters is fixed using the arbitrariness of global scaling-for example, h 1 is fixed to 1; (ii) we choose h 4 as a free parameter; (iii) candidates (h 2 , h 3 ) are given by solving Eq. (19) and then using Eq. (20); (iv) we select the set satisfying (21) or (22), we compute (u, v) or (p, q). It is noteworthy that the most nontrivial equation (19) is cubic, so that the solutions can be treated analytically in principle. Furthermore, from Eq. (21) or (22), we can eliminate the hole-parameters (u, v) or (p, q) in the physical quantities, so that the expression of physical quantities of the thermodynamic black di-ring is remarkably simplified. The collection of the reduced physical variables of the thermodynamic black di-ring is given in Appendix C.
Following the above procedure we can easily show the existence of the thermodynamic black di-ring. In Fig. 3 the states of the thermodynamic black di-ring appear as a continuous curve with a cusp. The minimum angular momentum (j 2 ≈ 0.920 75) and the maximum total area (a h ≈ 0.622 54) occur at the cusp. The cusp also is considered as the boundary where the behavior of the thermodynamic black di-ring is qualitatively divided into two branches like the black ring. So the branch where the state of the di-ring approaches the extremum of the MP black hole (i.e., j 2 = 1) is called "fat ring" or "fat" and the other is "thin ring" or "thin".
The behavior of several thermodynamic black objects including the di-ring is shown in Saturn and black di-ring) has similar behavior near the extremal point.
In the thin branch, from the right part of Fig. 5 the curve of black Saturn immediately asymptotes to that of the black ring while the black di-ring acts independently. Actually we can confirm that as j 2 increases infinitely, while the area of black Saturn approaches that of the black ring, that of the black di-ring approaches a half of the black ring. This behavior can be explained by considering the configurations of the thin thermodynamic black objects. For the case of black Saturn, as already explained in the Ref. [22] , in order to keep the isothermality, the longer the outer ring is, the larger the fraction of area and mass of the black Saturn the outer ring carries. In other words, in the thin limit the influence of the central black hole becomes neglected. For the case of the black di-ring, on the contrary, the inner ring must always stay with the outer ring like twins to keep the isothermality.
So we can expect the behavior of the thin black di-ring to be qualitatively different from that of the thin black Saturn. Figure 6 also contrasts the black Saturn and black di-ring clearly, which shows the behavior of the ratio of the horizon area of the inner black ring or central black hole to the horizon area of the outer black ring (R h ). The ratio of the di-ring holds a constant value one, and that of the black Saturn quickly vanishes as the angular momentum j 2 increases. As a remarkable peculiarity of the di-ring, it is noteworthy that the inner ring and outer ring of the black di-ring always have the same area of horizon (i.e., entropy). The latter fact can be analytically confirmed from the reduced constraint (20) .
e., a 32 = a 65 ), and hence from the equations from (B9) to (B12) the equality between the areas of the inner and outer rings is verified owing to the isothermality. 
IV. THERMODYNAMIC STABILITY (INSTABILITY)
The black di-ring in thermodynamic equilibrium is not thermodynamically stable because the entropy of it is not the maximum. However, there is a possibility that the thermodynamic equilibrium is a local maximum of the entropy. Evslin and Krishnan [33] found the metastability of black Saturn which occurs when the reduced angular momentum lies in a narrow window 0.854 83 < j 2 < 0.854 94 of the thin ring branch. In this section we investigate whether the thermodynamic equilibrium of black di-ring is metastable or not. Here we use the representations of black di-ring II.
The problem we consider is constrained extremization a h under the condition that j 2 is fixed. There are also additional constraints ∆φ L = 2π and ∆φ R = 2π. The number of the parameters is six, h 1 , h 2 , h 3 , h 4 , x and y where x = p + q + h 1 + h 3 and y = (p + h 1 )(q + h 3 ).
Using the scaling freedom we can fix one of the parameters, e.g. h 1 = 1. The balance condition ∆φ R = 2π can be easily solved for y. Here we eliminate a parameter y from the equations. As a result, the physical variables are functions of four parameters. In the following we abstractly denote the four parameters as x i where i = 1, . . . , 4, for example,
. Now the problem is the extreme value problem of the function
where x 3 = ϕ 3 (x 1 , x 2 ) and x 4 = ϕ 4 (x 1 , x 2 ) are obtained by formally solving the constraints
and
for x 3 and x 4 .
It can be numerically confirmed that the area of the thermodynamic black di-ring is extremal in the moduli space where the first partial derivatives of f with respect to x 1 and x 2 vanish. The thermodynamic equilibria are metastable when the 2 × 2 matrix
has only negative eigenvalues. In the analysis we need the partial derivatives of ϕ 3 (x 1 , x 2 ) and ϕ 4 (x 1 , x 2 ). They are obtained by simultaneously solving the partial derivatives of the negative except when j 2 is in 0.920 75 < j 2 < 0.920 84 of thin ring branch.
constraints (24) and (25) . We numerically plot the eigenvalues of H ij as a function of j 2 for the thermodynamic equilibrium black di-rings in Fig. 7 and 8 where we set x 1 = h 2 ,
x 2 = h 4 , x 3 = h 3 and x 4 = x. It seems that one of the eigenvalues is negative (eigenvalue 1) while the other is positive (eigenvalue 2). Indeed, the eigenvalue 2 is always positive as in Fig. 9 . Therefore the window of the metastability is closed. Zooming in Fig. 7 as Fig.   10 , we can find a narrow window 0.920 75 < j 2 < 0.920 84 of the thin ring branch where both eigenvalues are positive. In this region the entropy of the thermodynamic equilibria is locally minimum. It is likely that the interaction between the black rings makes the system thermodynamically unstable. 
V. SUMMARY AND DISCUSSION
In this paper the study has been devoted to clarifying several properties of the five dimensional thermodynamic black di-ring as a sequel to the finding of the regular black di-ring.
First we verified the equivalence of the two different solution sets of the black di-ring I
and II with the aid of the mathematical fact established by Hollands and Yazadjiev. This mathematical fact is powerful to judge whether two solutions are physically identical, but this does not mean that we can inform what kind of correspondence two solution sets have.
So we constructed explicitly the mapping function from Eq. (14) to complete the verification of the equivalence.
Next we showed the existence of the thermodynamic black di-ring (regular black di-ring in thermodynamic equilibrium). We found that the conditions (16) and (17) to ensure the existence of thermodynamic black di-rings are reduced to the unexpectedly simple equations from (19) to (22) . Using the reduced equations we confirmed the existence, and also clarified some intriguing properties of the phase of the thermodynamic black di-ring. The phase of the di-ring is described with a continuous curve with a cusp, which divides the curve into the fat ring branch and the thin ring branch. In the fat branch, as j 2 → 1 the curve of the di-ring asymptotes to that of the MP black hole as the curves of the black ring and the black Saturn do. And further, by magnifying the behavior of the four black objects near the extremal point it seems that the four objects are paired off: the MP black hole and the black ring; the black Saturn and the di-ring. In the thin branch, as the angular momentum increases, while the black Saturn promptly asymptotes to the black ring, the black di-ring rather behaves as another different branch. Actually we found that in the thin limit j 2 → ∞, the ratio of the total area of the black di-ring to that of the black ring becomes one-half. When we go further to the analysis of more general thermodynamic multiobjects (tri-ring, black Saturn with more rings, etc.), it may be an interesting problem to what extent these results are generalized. In addition, it may be possible to extend the analysis to the unbalanced case [34] [35] [36] .
Incidentally, we found that the inner ring and outer ring of the thermodynamic black di-ring always have the same horizon area (i.e., entropy). To construct the thermodynamic black di-ring two identical black rings must be prepared, so that these black rings are sym-metric for permutation before the construction. Hence, even after the construction of the di-ring by moving the rings close to each other, there may still remain some mathematical structure (for example, a certain kind of symmetry) to ensure this fact. It may be also interesting whether this fact is realized only in the di-ring.
As one of the further studies of the black di-ring, in Sec. III we analyzed a certain kind of stability of the di-ring from the thermodynamic viewpoint, which was introduced by Evslin and Krishnan for the study of black Saturn. Within the numeric search, we confirmed that the Hessian has at least one positive eigenvalue. This means that the thermodynamic black di-ring has no local stable state (metastable state). Furthermore, we found that in the narrow window of the thin branch near a cusp another eigenvalue also becomes positive.
That is, we can say that in this region instability of the thermodynamic di-ring is enhanced.
This fact makes a remarkable contrast to the black Saturn, which has metastable states in the similar window.
Finally we consider the behavior of the eigenvalue 2 near the maximal point as depicted
in Fig. 9 . The eigenvalue 2 approaches zero promptly as j 2 → 1, so that the corresponding mode seems to behave approximately like a zero mode. In the case of the thermodynamic black Saturn, near the extremal point we can show that the maximal eigenvalue of the Hessian has similar behavior to the eigenvalue 2 of the di-ring. Hence, together with the fact pointed out in Sec. III that the curves of the black ring, Saturn, and di-ring approach that of MP black hole, it may be suggested that near the extremal point, the MP black hole has large fluctuation modes corresponding to the approximately zero eigenvalues of the black objects.
Appendix A: Physical variables of di-ring I
Using the exact expressions of black di-ring I, we can compute physical variables of the black di-ring. The ADM mass M and angular momentum J are
The Komar masses of outer and inner horizons are
The Komar angular momenta of outer and inner horizons are
The angular velocities of outer and inner horizons are
The areas and temperatures of horizons are
A h,R = 4π 2 a 65 S R ,
and 
The Komar angular momenta of outer and inner horizons are 
A h,R = 4π 2 a 65 S R
